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Abstract 

Using developed earlier our methods for multidimensional mod- 
els |U E] a family of cosmological-type solutions in D-dimensional 
model with two sets of scalar fields (p and ip and exponential poten- 
tial depending upon tp is considered. The solutions are defined on a 
product of n Ricci-flat spaces. The fields from (p have positive kinetic 
terms and ip are "phantom" fields with negative kinetic terms. For 
vector coupling constant obeying < A 2 < (D — l)/(D — 2) a subclass 
of non-singular solutions is singled out. The solutions from this sub- 
class are regular for all values of synchronous "time" r G (— oo, +oo). 
For A 2 < 1/(D — 2) we get an asymptotically accelerated and isotropic 
expansion for large values of r. 
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1 Introduction 



Recently, the discovery of the cosmic acceleration |U E] stimulated a lot 
of papers, on multidimensional cosmology in particular, with the aim to 
explain this phenomenon using certain multidimensional models, e.g. those 
of superstring or supergravity origin (see [El E21 ESI EH EE EE] , and refs. 
therein) . 

At present rather popular models are those with multiple exponential 
potential of the scalar fields (see [El El E] an d re fs- therein). Potentials 
of such type arise naturally in certain super gravitational models JU] and in 
sigma-models jTTJEBL related to configurations with p-branes (for a review 
see also |2Sl IZ3 12H1)- 

Here we are interested in non-singular solutions (e.g. with a bounce) that 
appear in certain cosmological models, see [2H1 EE] and refs. therein. Such 
non-singular solutions are not new ones. For pioneering papers with non- 
singular solutions based on scalar fields see [HU EE] - for conformal massless 
scalar field and cosmological constant, j32] - for phantom scalar fields, ■33 j 
- for conformal Higgs-type scalar field with spontaneous symmetry breaking 
(SSB) back reaction, [^3] - for a scalar field with polarization of vacuum (PV) 
effect, jHS] - for a scalar field with SSB and PV etc. See all these results also 
in [HE]. 

In this paper we consider the .D- dimensional model governed by the action 
S= f d D z^\g~\{R{g]-g MN d M 0d N (1.1) 

J M 

+g MN d M ifd N ^-2V(<f)}, 

with the scalar potential 

V[tp) = Aexp(2\<p). (1.2) 

Here (p = (ip 1 , . . . ,<p k ) is a set (vector) of scalar fields, A is a constant, 
A = (Ai, . . . , Afc) 6 R fc is a vector of dilatonic couplings, if) = (ip 1 , . . . , ip m ) 
is a set (vector) of "phantom" scalar fields, g = gMN^x <S> dx N is metric, 
\g\ = | det(sf M7V )|. 

We note that phantom scalar fields (with negative kinetic terms) appear 
in various multidimensional models, e.g. in a field model for F-theory [TH] . 
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in a chain of -Bp-models in dimensions D > 11 j2H] (Bu corresponds to 
M-theory |H] and B 12 to F-theory |2I|). 

The article is devoted mainly to cosmological type solutions with the 
vector coupling constant obeying 

XV b=^^, (1.3) 
^ D-2 v ; 

which follow from condition of non-zero scalar product for certain [/-vector 

The paper is organized as follows. In Section 2 a class of solutions on a 
product of n Ricci-flat spaces for the model under consideration is described. 
In Section 3 non-singular solutions (e.g. with simple bounce of volume scale 
factor) are singled out. 



2 Solutions on product of Ricci-flat spaces 

We deal with the cosmological solution to field equations in the model 1)1.10 - 
(|1.3p that is the special case of solutions obtained in [12 4 . Our main interest 
here will be the role of phantom scalar fields in combination with the usual 
matter fields. 

These solutions are defined on the manifold 

M = («_, u+) x Mi x . . . x M n (2.1) 

and are described by the metric 

n 

g = f bh [-e 2c ° t+2 ^wdu ®du + f- 2h e 2cH+2c ~V]- (2.2) 

i=l 

and scalar fields: material 

<p = -h\la\f\ + c (p t + c, (2.3) 

and phantom 

i} = c^t + c^,. (2.4) 
Here and in what follows we denote 

h = (X 2 - b)^ 1 (2.5) 
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and w = ±1. The manifolds (Mi,g l ) are Ricci-flat, 

Rictf] = 0, (2.6) 

and di = dimMj, i = 1, . . . ,n. 
The function / reads 

/ = Rsmh(VC(u - n )), C > 0, e < 0; (2.7) 

Rsm(^/\C\(u - n )), C < 0, e < 0; (2.8) 

Rcosh(VC(u - M )), C > 0, e > 0; (2.9) 

\2A/h\V 2 (u - u ), C = 0, e < 0, (2.10) 

where % and C are constants and 

R= \2A/(hC)\ l/ \ (2.11) 
e = -sign(Awfc). (2.12) 

satisfy the following constraint relations 



d i ci + &<p = °> Yl d ^ + ^ = °' ( 2 - 13 ) 

i=i i=i 

and 

n / n \ 2 

C/i + ^-^f + ^d^) 2 - J>cM =0. (2.14) 

i=l \i=l / 

Relations (|2.13|) means that integration constants are orthogonal to a cer- 
tain U- vector and relation ()2.14|) is equivalent to the zero-energy constraint, 

see 122 123 123 123 • 
In (J2Z3) 

n n 

c° = J2 c° = ( 2 - 15 ) 

1=1 1=1 
The solutions under consideration are general D-dimensional cosmo logical 
type solutions defined on product of n Ricci-flat spaces D = XT=i ^» w hh 
generalized (i.e. multidimensional) Bianchi-I metrics in the model (jl.l|) - (jl.3|) . 
Here u is the harmonic time variable. In what follows we put u > uq. 
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3 Non-singular solutions 



Here we restrict our consideration to small dilatonic couplings when 

wA < 0, < A 2 < b = jj—^, (3-1) 

see (II. 2J) . Thus, in ()2.12|) e = — 1. As we shall see below the inequalities 1)3.1)) 
guarantee the existence of non-singular solutions. 

In what follows we investigate the behaviour of solutions from Section 2 
for parameters from ([3.1)) using the so-called "synchronous" variable. 

We introduce scale factors 

a . = f h/{D-2) e M i ( 3.2) 
i = 1, . . . ,n. The relation between synchronous and harmonic variables reads 

t = / du'v(u'), (3.3) 

J u 

where U\ > u and 

v = a 1 ...a n = f bh e M , (3.4) 

is a volume scale factor. 

From ()3.3)) for u — > u + we get r — ► +oo for all values of parameters 
and 

v ~ r (D ^. (3.5) 

It follows from ()3.3)) that the solution is a non-singular one for r G 
(— oo, +oo) only in such three cases 

(A+) c°>b\h\VC, C>0; (3.6) 
(Aq) c° = b\h\VC, C>0; (3.7) 
(B) C < 0. (3.8) 

In the cases (A + ) and (5) we get a bouncing behaviour of volume scale 
factor v(t) at some point r&, i.e. the function t>(r) is monotonically decreas- 
ing in the interval (— oo, Tb) and monotonically increasing in the interval 
(r b , +oo). 

In the case (Aq) the solution is non-singular, the function v(r) is mono- 
tonically increasing to infinity from a non-zero value. 
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For other values of parameters the solution is singular in general position 
(excepting certain special cases), the function v(t) is monotonically increas- 
ing to infinity from zero value. This takes place when either (i) c° < b\h\\fC, 
C > or (ii) C = 0, c° < 0. The solution for these values of parameters is 
defined in the semi-infinite interval (r , +oo). 

The relations (|3.1j) lead to isotropisation of scale factors for large values of 
synchronous variable r. Namely, for A 2 ^ we get the following asymptotical 
relations in the limit r — > +oo 



where 



g as = wdr 0dr + Y^ Mr 2u g\ (3.9) 

0as = -■ =-]HT + #), (3.10) 

A 2 

'(Pas = IpO, (3.11) 

' (3-12) 



(D-2)X 2 

Ai > are constant, and ipo are constant vectors obeying 

2|A| exp(2A^ ) = |A 2 - b\/{\ 2 ) 2 . (3.13) 
For A = we get for r — > +oo 



g as = wdr ® dr + y ^2 i A i ex${2MT)g\ (3.14) 

0as = 00, i>as = l/>0 (3.15) 

where |2A| = (D — 2)(D — 1)M 2 (in agreement with the case of one scalar 
field from jUlEHl-) 

Accelerated expansion in the limit r — > +00 takes place for 

A 2 < ^ (3.16) 

(In (jS31|) should be M > for A = 0.) 
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4 The role of scalar charges 

Here we show that non-singular solutions defined for all r 6 R exist only for 
large enough value of (vector) phantom charge squared (c^,) 2 . 

Let us introduce anisotropy parameters c* by the following relations 

c * = -_^- + c\ (4.i) 

i = 1, . . . , n. We get from (|2.15)) 

n 

J2 d iC i = 0. (4.2) 

i=i 

In terms of these parameters the main relations on parameters (12.14)1 may 
be rewritten as following 

Ch+(c^) 2 -\^f (4.3) 

n 

= (^) a -(O a -E*( e8 ) 2 = o, 
i=i 

It follows also from (|3.6)) and ()3.8)) that 

c ° = -Ac^ > bhVC, for C > (4.4) 

and, hence, 

(c ) 2 > b 2 h 2 C (4.5) 

for all non-singular cases (A + ), (A ) and (B). 

Here we use decomposition of the vector of scalar charges into a sum of 
two terms orthogonal and parallel to A, respectively, 

c„ = c° rt + c£ ar , (4.6) 

c7 ar = (cV04 (4-7) 
\ z 

c7 rt = ^-(c^X)A. (4.8) 
A z 
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It is clear that 



4 2 = (4 ort ) + {erf- (4-9) 



We call Q the "main" parameter of the model. We show that the nec- 
essary condition for the existence of non-singular solutions (defined for r G 
(—00, +00) ) is the following one 

Q > 0, (4.10) 

that means 

n 

(^) 2 >(c7 rt ) 2 + E^( £l ) 2 - ( 4 - n ) 

i=l 

Indeed, relations (|4.3|) and (|4.4|) imply either 

{A) Q-<Q<Q + , 0<C< A 2 Q_, (4.12) 

or 

(B) Q>Q+, C<0, (4.13) 

where 

Q- = ^-^(cV) 2 , Q + = { ^±(c v \f (4.14) 
b 2 X 2 by 

(A ^ 0). Relation Q_ > implies Q > 0. 

Subclasses (A) and (B) differ by asymptotical relations for r — > —00: 

(A) v~|r|. (4.15) 

and 

(5) u ~ iTp- 1 )". (4.16) 

with z/ defined in (|3.12j) . 

The first asymptotics corresponds to Kasner-like behaviour of scale factors 
[T2*] in agreement with the billiard approach of [101 EHj • The second one is 
just the same as in the limit r — > +00 (see I3.5|) . This follows from the 
relations sinx = sin(7T — x) ~ x for small a: = (u — uq)-\/\C\ and (|3.3|) . 

Non-singular solutions defined for r G (—00, +00) are absent for zero 
phantom charges c$ — even for isotropic case with c* = (in this case 
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c v = C = and we get a solution with a power-law dependent scale factors, 
see also [T2]). 

For C0 7^ the anisotropy parameters c* and orthogonal component c° rt 
should be small enough (in comparison with absolute value of phantom vector 
charge, see (|4.11|) ) for the existence of non-singular solutions defined for all 
values of synchronous variable rel, 

5 Conclusions 

In this paper we have considered a family of generalized Bianchi-I cosmolog- 
ical type solutions defined on product of Ricci-flat spaces in D-dimensional 
model (jl.l|) - (jl.3|) with k ordinary scalar fields (p l and m phantom scalar 
fields ip J . These solutions with phantom scalar fields are the special case of 
the solutions obtained earlier in [T2] . 

For the coupling constant obeying < A 2 < (D — 1)/(D — 2) we have 
singled out a subclass of non-singular solutions (e.g. with a simple bounce of 
the volume scale factor). Solutions from this subclass are regular for all values 
of synchronous time r G (— oo, +oo) and have an isotropization behaviour 
for r — > +oo. 

We have found a necessary condition on scalar charges and anisotropy 
parameters for the existence of such non-singular solutions, see (j4.11j) . 

For A 2 < 1/(D — 2) this expansion is asymptotically accelerated one for 
large values of r. 
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